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Abstract

The objective of the paper is to present a statistical model for predicting collision rates of inertial particles immersed in turbulent flow.
This model is valid over the entire range of particle inertia (from the zero-inertia to the high-inertia limit) and accounts for two mech-
anisms influencing the collision rate, namely, the particle relative motion induced by turbulence and the accumulation effect that leads to
an additional enhancement to the collision rate. The model is applicable to near-homogeneous two-phase turbulent flows with colliding
or coalescing particles.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The rate of coagulation due to collisions of solid parti-
cles or liquid droplets in multiphase turbulent media is of
importance in many environmental and industrial pro-
cesses. Examples of turbulence-induced particle collisions
include the formation of rain drops in clouds, precipitation
of aerosols, agglomeration of fine powders in gas flows,
pulverized coal combustion, dust and spray burners, pneu-
matic conveying, and so on. Because of the practical inter-
est, a number of theoretical studies of the collision rate
induced by turbulence have been performed. Relatively
simple solutions to this problem may be derived with the
assumption of homogeneous and isotropic turbulence.
Two solutions are most familiar in the literature, corre-
sponding to the limiting cases of zero-inertia and high-iner-
tia particles. The first solution is valid for fine zero-inertia
particles, whose collision rates are determined only by their
interaction with small-scale energy-dissipating turbulent
eddies (Saffman and Turner, 1956). The second solution
relates to coarse high-inertia particles, whose motion is
statistically independent and governed by the interaction
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with large-scale energy-containing turbulent eddies
(Abrahamson, 1975). In both the zero-inertia and high-
inertia limits, the particles are independently distributed
with perfectly uniform probability, and hence the effect of
preferential concentration is absent. However, of the most
practical interest is the case of particles of intermediate
inertia, when the ratios of the particle response time to
the turbulence microscale and macroscale are finite. In this
situation, it is necessary to take into consideration the
interaction of particles with the overall spectrum of turbu-
lent eddies as well as to account for the correlation of the
motion of neighbouring particles and their preferential
concentration.

The collision kernel is defined as the product of the half-
surface of a collision sphere by both the mean radial rela-
tive velocity, hjwrji, and the particle radial distribution
function, C,

b ¼ 2pd2hjwrðdÞjiCðdÞ: ð1Þ
It is clear from (1) that the turbulence-induced collision

rate is governed by the mean relative velocity as well as by
the radial distribution function. Consequently, the interac-
tion of particles with turbulent eddies causes two statistical
mechanisms that contribute to the collision rate: (i) the rel-
ative velocity between neighbouring particles (the so-called
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Notation

A1, A2 constants
a boundary condition parameter
C constant
Dr

p ij particle-pair diffusivity tensor
d particle diameter
�d dimensionless particle diameter, d/g
fr, gr, fr1, lr particle-pair response coefficients
k coalescence kernel
N number particle concentration
Pw two-point PDF
pw two-point particle probability density
Rp1, Rp2 particle positions
r separation vector
r separation distance
rp separation vector
�r dimensionless separation distance, r/g
Rek Taylor-scale Reynolds number, (15u 04/em)1/2

Sij, Sp ij second-order Eulerian fluid and particle velocity
structure functions

�Sij; �Sp ij dimensionless fluid and particle structure func-
tions, Sij=u2

k , Sp ij=u2
k

Sijk,Sp ijk third-order Eulerian fluid and particle velocity
structure functions

St Stokes number
T L dimensionless Lagrangian timescale of fluid tur-

bulence
TLr Lagrangian timescale of fluid velocity increment
T Lr dimensionless Lagrangian timescale of fluid

velocity increment, TLr/sk

t time
U mean axial velocity of the carrier fluid
u fluid velocity
uk Kolmogorov velocity microscale, (me)1/4

u 02 fluid velocity variance
vp1, vp2 particle velocities
W i;wi;w0i mean, total and fluctuating relative velocities
wp relative velocity between two particles
hjwrji mean radial relative velocity between two parti-

cles
x distance from the channel inlet

Greeks

b collision kernel
C radial distribution function
DU i;Du0i mean and fluctuating fluid velocity increments
d delta-function or functional derivative
e turbulent energy dissipation rate
g Kolmogorov length microscale, (m3/e)1/4

m fluid kinematic viscosity
q fluid density
qp particle density
s time increment
sk Kolmogorov time microscale, (m/e)1/2

sp particle response time
WLr autocorrelation function of fluid velocity incre-

ment
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turbulent transport effect) and (ii) the non-uniform particle
distribution (the accumulation effect). The accumulation
effect is measured by the particle radial distribution func-
tion that is the probability of observing a particle pair nor-
malized by the corresponding value in a uniform
suspension. The accumulation effect manifests itself as a
tendency of heavy particles to preferentially concentrate
in regions of high strain-rate and avoid regions of high vor-
ticity due to the centrifugal force. The investigations of
Squires and Eaton (1991), Wang and Maxey (1993), Sun-
daram and Collins (1997), Balkovsky et al. (2001), Février
et al. (2001), Hogan and Cuzzi (2001), Kostinski and Shaw
(2001), Elperin et al. (2002), Sigurgeirsson and Stuart
(2002), and Bec (2003) suggest that preferential particle
concentration is mainly governed by small-scale dissipa-
tion-range turbulent structures, that is, clustering is most
effective for particles whose response time matches with
the Kolmogorov timescale of fluid turbulence. In Zaichik
and Alipchenkov (2003), the accumulation phenomenon
is treated as a result of a particle migration drift in the sep-
aration direction due to the gradient of the radial relative
fluctuating velocity. This drift leads to the collection of par-
ticle pairs at small separations and hence acts in perfect
analogy to an additional attractive force. Thus, the effect
of preferential concentration is capable of making substan-
tial increases in both collision and coagulation rates of
inertial particles (Reade and Collins, 2000; Wang et al.,
2000; Falkovich et al., 2002; Zaichik et al., 2003; Chun
and Koch, 2005).

In this paper we present a statistical model for the colli-
sion rate of arbitrary-inertia particles dispersed by fluid
turbulence. The paper extends the collision model given
in Zaichik et al. (2003) to take properly account of the
influence of particle size on two-particle velocity statistics
and preferential concentration. Moreover, the model
includes the transport effect in the approximations of
Lagrangian velocity correlations.

2. Two-point PDF model

Let us first consider the two-point probability density
function (PDF) model. This model is suitable for predicting
two-particle statistics and particle-pair dispersion in homo-
geneous isotropic turbulence. The particle volume fraction
is kept small enough so that the two-phase system is quite
good within the dilute limit; therefore, only double colli-
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sions between particles are taken into consideration. The
density of particles is assumed to be much more than that
of the carrier continuous phase (in this case, the drag force
acting on a particle by the surrounding fluid flow is only of
importance), and the particle size is small as compared to
the Kolmogorov lengthscale.

Equations for two separate particles provide the equa-
tions describing the relative motion of a particle pair:

drp

dt
¼ wp;

dwp

dt
¼ Duðrp; tÞ � wp

sp

: ð2Þ

Here rp � Rp2 � Rp1 and wp � vp2 � vp1 denote the separa-
tion distance and the relative velocity between two particles,
whereas Du(rp, t) � u(Rp2, t) � u(Rp1, t) is the increment in
velocities at two points in which the particles are located.
To proceed from stochastic Eq. (2) to the statistical descrip-
tion of the relative motion of two particles, the pair PDF is
introduced:

P w ¼ hpwi ¼ hdðr� rpðtÞÞdðw� wpðtÞÞi: ð3Þ
The pair PDF, Pw(r,w, t), describes the probability of

finding a pair of particles separated by a distance r, with
a relative velocity w, at time t. Differentiating (3) with
respect to time and accounting for (2), we obtain a kinetic
equation for the pair PDF:

oP w

ot
þ wk

oP w

ork
þ 1

sp

oðDUk � wkÞP w

owk
¼ � 1

sp

ohDu0kpwi
owk

: ð4Þ

To determine the correlation hDu0kpwi that quantifies
eddy-particle interactions, the fluid relative velocity field
is modelled by a Gaussian random process with known
two-point correlation moments. Then, using the functional
formalism and the Furutsu–Donsker–Novikov formula for
Gaussian random functions, we can derive the following
expression for the correlation between the fluid velocity
increment and the particle-pair probability density (Zaichik
and Alipchenkov, 2005):

hDu0ipwi ¼ �Sij fr
oP w

owj
þ spgr

oP w

orj

� �
þ spfr1

2

DSij

Dt
oP w

owj

� splrSik
oDU j

ork

oP w

owj
;

fr ¼
1

sp

Z 1

0

WLrðsÞ exp � s
sp

� �
ds; gr ¼

T Lr

sp

� fr;

f r1 ¼
1

s2
p

Z 1

0

WLrðsÞs exp � s
sp

� �
ds; lr ¼ gr � fr1;

DSij

Dt
¼ oSij

ot
þ DU k

oSik

ork
þ oSijk

ork
:

ð5Þ

Here Sij � hDu0iðrÞDu0jðrÞi and Sijk � hDu0iðrÞDu0jðrÞDu0kðrÞi
are the second-order and third-order fluid velocity struc-
ture functions. The coefficients fr, gr, fr1, and lr measure a
response of a pair of particles, separated by the distance
r, to velocity fluctuations of the turbulent fluid, WLr(sjr)
symbolizes a Lagrangian autocorrelation function that de-
scribes the velocity increments of two fluid elements sepa-
rated initially by the distance r, and T Lr �
R1

0
WLrðsÞds.

When using the exponential approximation, WLr =
exp(�s/TLr), the response coefficients become as follows:

fr ¼
T Lr

sp þ T Lr

; gr ¼
T 2

Lr

spðsp þ T LrÞ
;

f r1 ¼
T 2

Lr

ðsp þ T LrÞ2
; lr ¼

T 3
Lr

spðsp þ T LrÞ2
:

Substituting (5) into (4) yields the following kinetic
equation for the two-point PDF of the particle-pair relative
velocity distribution in homogeneous isotropic turbulence:

oP w

ot
þ wk

oP w

ork
þ 1

sp

oðDU k � wkÞP w

owk
þ fr1

2

DSik

Dt
o

2P w

owiowk

¼ Sik
fr

sp

o
2P w

owiowk
þ gr

o
2P w

oriowk
þ lr

oDU n

ork

o
2P w

owiown

� �
: ð6Þ

Eq. (6) describes the convective and diffusive transport
in phase space (r,w) and resembles the one-point PDF
equations (e.g., Derevich and Zaichik, 1988; Reeks, 1991;
Simonin, 1996; Swailes and Darbyshire, 1997; Hyland
et al., 1999; Pozorrski and Minier, 1999; Zaichik, 1999;
Derevich, 2000; Pandya and Mashayek, 2003). However,
the one-point and two-point kinetic equations bear a super-
ficial resemblance, because the former deals with the one-
particle PDF and hence does not take into consideration
the spatial correlation of the motion of two particles. In
contrast, the two-point statistical model allows for the spa-
tial correlation between the velocities of particle pairs and
thereby can predict the effect of clustering. The last term on
the left-hand side part of (6) allows for the transport effect
in the approximations of Lagrangian velocity correlations
(Zaichik and Alipchenkov, 2005). When DSij/Dt = DU =
0, (6) reduces to the two-point PDF equation presented
in Zaichik and Alipchenkov (2003).

Eq. (6) generates a set of balance equations governing
the pair concentration, momentum, particulate stresses,
or any appropriate statistical two-point moments of the
relative velocity PDF. By this means the equations describ-
ing the particle-pair density, the mean relative velocity, and
the second-order two-point structure function are written
as:

oC
ot
þ oCW k

ork
¼ 0; ð7Þ

oW i

ot
þ W k

oW i

ork
¼ � oSp ik

ork
þ DU i � W i

sp

�
Dr

p ik

sp

o ln C
ork

; ð8Þ

oSp ij

ot
þ W k

oSp ij

ork
þ 1

C
oCSp ijk

ork
þ fr1

DSij

Dt

¼ � Sp ik þ grSik

� � oW j

ork
� Sp jk þ grSjk

� � oW i

ork

þ lr Sik
oDU j

ork
þ Sjk

oDU i

ork

� �
þ 2

sp

frSij � Sp ij

� �
; ð9Þ
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where

C ¼
Z

P wdw; W i ¼
1

C

Z
wiP wdw; Sp ij ¼ hw0iw0ji

¼ 1

C

Z
ðwi � W iÞðwj � W jÞP wdw;

Sp ijk ¼ hw0iw0jw0ki ¼
1

C

Z
ðwi � W iÞðwj � W jÞðwk � W kÞP wdw;

Dr
p ij ¼ sp Sp ij þ grSij

� �
:

To close the infinite equation set stemming from (6) at
the second-order closure level of (7)–(9), we invoke a gradi-
ent algebraic approximation for the triple particle fluctuat-
ing velocity correlations. This approximation follows from
the corresponding differential equation for the third
moments by neglecting time evolution, convection, and
generation due to mean velocity gradients as well as by
using a quasi-Gaussian approximation for the fourth-rank
correlations (Zaichik and Alipchenkov, 2003):

Sp ijk ¼ �
1

3
Dr

p in

oSp jk

orn
þ Dr

p jn

oSp ik

orn
þ Dr

p kn

oSp ij

orn

� �
: ð10Þ
3. Particle dispersion in isotropic turbulence

In this section, the two-point PDF model is used for
predicting pair dispersion in a steady-state suspension of
particles immersed in homogeneous, isotropic, and sta-
tionary turbulence. In isotropic turbulence, due to spher-
ical symmetry, the pair relative velocities and density
distributions are independent of the orientation of the
separation vector r and may be only dependent on r � jrj.
Moreover, the mean convective transport in the fluid is
supposed to be absent (DUi = 0), and the total number
of particles is not changed in time. The latter infers that
the balance between the net radial relative inward and
outward fluxes takes place, and, therefore, the mean rela-
tive velocity, Wi, is equal to zero. By this means the set of
Eqs. (7)–(9) along with (10) is constricted to the following
system:
2 Sp ll � Sp nn

� �
�r

þ dSp ll

d�r
þ Sp ll þ grSll

� � d ln C
d�r
¼ 0; ð11Þ

St2 1

�r2C
d

d�r
�r2C Sp ll þ grSll

� � dSp ll

d�r

� �
� 4

3�r

�
Sp ll þ grSll

� ��

� oSp nn

o�r
þ 2

�r
Sp nn þ grSnn

� �
Sp ll � Sp nn

� ��	

þ Stf r1

1

�r2

�
d

d�r
�r2T LrSll

dSll

d�r

� �

� 4T Lr

3�r
Sll

dSnn

dr

�
þ 2

�r
Snn Sll � Snn

� ��	

þ 2 frSll � Sp ll

� �
¼ 0; ð12Þ
St2

3�r4C
d

d�r
�r4C Sp llþ grSll

� �dSp nn

d�r

� ��

þ2
d

d�r
�r3C Sp nnþ grSnn

� �
Sp ll� Sp nn

� �
 �	

þ Stf r1

3�r4

d

d�r
�r4T LrSll

dSnn

d�r

� �
þ 2

d

d�r
�r3T LrSnn Sll� Snn

� �
 �� 	
þ 2 frSnn � Sp nn

� �
¼ 0: ð13Þ

Here and hereinafter the overbar stands for normalization
by the Kolmogorov microscales, St � sp/sk is the Stokes
number that specifies the particle inertia, and Sp ll and Sp nn

are the longitudinal and transverse components of the sec-
ond-order particle velocity structure function Sp ij.

Thus the model under consideration amounts to solving
three non-linear ordinary differential equations involving
the radial distribution function and the second-order longi-
tudinal and transverse structure functions. Eq. (11)
expresses the balance between the turbophoretic and diffu-
sion forces in the separation direction between two
particles.

Relevant boundary conditions for Eqs. (11)–(13) are
given by:

dSp ll

d�r
¼ dSp nn

d�r
¼ 0 for �r ¼ a; ð14Þ

Sp ll ¼ frSll; Sp nn ¼ frSnn; C ¼ 1 for �r!1: ð15Þ
In (14), the case of a = 0 corresponds to elastic collisions

of the so-called ghost (zero-size) particles, which are free to
occupy any space in the suspension without being excluded
by other particles (Reade and Collins, 2000; Zaichik and
Alipchenkov, 2003). It seems likely that the approximation
of ghost particles can provide prediction results, which are
bound to be close to those obtained by Wang et al. (1998)
and Wang et al. (2000) when using Scheme 1 for collision
counting. In this collision-counting scheme, particles were
allowed to overlap in the system and were not removed
from the system after collision. The case of a ¼ �d appears
to be appropriate for displaying the hard-sphere elastic col-
lision model used by Sundaram and Collins (1997) and
Reade and Collins (2000). Relations (15) point to the fact
that the particle velocities become near-homogeneous at
large separation, whereas the particles are randomly
distributed.

The Eulerian longitudinal velocity structure function of
the fluid is given by the approximation of Borgas and
Yeung (2004):

Sll ¼
2Rek

151=2
1� exp � �r

ð15CÞ3=4

 !" #4=3
153�r4

153�r4 þ ð2Rek=CÞ6

 !1=6

;

C ¼ 2; ð16Þ

and the corresponding transverse structure function is ex-
pressed as:

Snn ¼ Sll þ
�r
2

dSll

d�r
:
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Fig. 2. Influence of particle inertia on the mean relative velocity
magnitude for �r ¼ 1: (1)–(3) – predictions with a = 0; (4)–(6) – predictions
with a = 1; (7)–(9) – DNS by Wang et al. (2000); (1), (4), (7) – Rek = 45;
(2), (5), (8) – Rek = 58; (3), (6), (9) – Rek = 75.
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The Lagrangian two-point timescale of velocity incre-
ment is approximated like (16) with the same constants
as in Zaichik et al. (2003)

T Lr ¼ T L 1� exp � A2

A1

� �3=2

�r

 !" #�2=3
�r4

�r4 þ ðT L=A2Þ6

 !1=6

;

A1 ¼ 51=2; A2 ¼ 0:3:

Eqs. (11)–(13) along with boundary conditions (14) and
(15) are solved numerically, and the results obtained are
compared with DNS computations. In order to elucidate
how the particle size affects pair dispersion and preferential
concentration, we will also compare the prediction results
obtained when using (14) with a = 0 and a ¼ �d.

Fig. 1 demonstrates the ratio between the particle trans-
verse and longitudinal structure functions for �r ¼ 1 versus
the Stokes number. For fluid elements as well as for zero-
inertia particles, this ratio is two. In accordance with the
DNS of Wang et al. (2000), the predicted ratio of Sp nn/Sp ll

that corresponds to zero-volume particles (a = 0) drops
quickly and monotonically towards one as St increases.
The transverse-to-longitudinal structure function ratio pre-
dicted for finite-volume particles (a = 1) demonstrates a
non-monotonic variation with Stokes number: Sp nn/Sp ll

decreases initially with St, reaching a minimum at St � 2,
before increasing and finally approaching unity.

In Fig. 2 we compare the mean radial relative velocities
predicted from (11)–(15) with those simulated by Wang
et al. (2000). Under the assumption that the PDF of the rel-
ative velocity is Gaussian, the mean relative velocity mag-
nitude is defined in terms of the longitudinal structure
function as hj�wrji ¼ ð2Sp ll=pÞ1=2. Fig. 2 illustrates the influ-
ence of particle inertia on hj�wrji over a wide range of Stokes
numbers. As is clear, the behaviour of hj�wrji, with respect
to St, is characterized by the presence of a maximum.
The initial rise in hj�wrji is attributable to a decrease in
the correlation of particle velocities with sp. The subse-
quent decay of hj�wrji beyond the maximum results from a
(1) / (1)p nn p llS S
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Fig. 1. Transverse-to-longitudinal structure function ratio for �r ¼ 1: (1)–
(3) – predictions for ghost particles (a = 0); (4)–(6) – predictions for finite-
volume particles (a = 1); (7)–(9) – DNS by Wang et al. (2000); (1), (4), (7)
– Rek = 24; (2), (5), (8) – Rek = 45; (3), (6), (9) – Rek = 75.
decrease in the particle fluctuating velocities, since the par-
ticles become more sluggish and less responsive to the fluid
turbulence. From Fig. 2, it is also seen that using a = 0 in
boundary conditions (14) leads to slight smaller values of
mean relative velocities at small St as well as to better
agreement with the DNS date as compared to the case of
using a = 1. However, a difference in the mean relative
velocities of zero-volume and finite-volume particles takes
place only for relatively small Stokes numbers and vanishes
at large St.

Fig. 3 demonstrates the radial distribution function for
low-inertia zero-size and finite-size particles versus the sep-
aration distance between two particles. The radial distribu-
tion function for zero-size particles is singular when the
separation equals to zero. It means that the accumulation
(or clustering) effect of fine particles takes place. The accu-
mulation phenomenon is treated as a result of a particle
migration drift caused by the gradient of the radial relative
fluctuating velocity. This drift leads to the collection of par-
ticle pairs at small separations and hence acts analogous to
an additional attractive force. As is seen, the radial distri-
bution function for finite-size particles deviates down from
that for zero-size particles in the vicinity of the particle
10-1 100
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r

Γ

Fig. 3. The radial distribution function against the separation distance
between two particles for St = 1 and Rek = 54: (1) – zero-volume particles
(a = 0); (2)–(4) – finite-volume particles of size a = 0.0875, 0.175, and 0.35.
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diameter. Thus, the preferential concentration decreases
with increasing particle size.

Fig. 4 shows the influence of particle inertia on the
radial distribution function for separations and Reynolds
numbers, which correspond to the DNS data of Sundaram
and Collins (1997) and Wang et al. (2000). As expected, in
the limiting cases of zero-inertia and high-inertia particles,
the concentration field is statistically uniform, and there-
fore the radial distribution function is equal to unity. In
accord with the computations, the predicted radial distri-
bution function goes through a peak as the particle inertia
time increases. Thus, there exists a critical particle response
time which results in maximum preferential concentration.
The value of this critical response time is of the same order
as the Kolmogorov timescale, that is, the clustering is more
considerable when tuning the particle parameters to the
flow Kolmogorov scales. Fig. 4 demonstrates a qualitative
agreement between the predicted and simulated particle
distributions, although the predicted maxima of C are
slightly shifted towards particles with larger inertia.
Fig. 4 also exhibits that the effect of finite particle size
results in decreasing preferential concentration.

Finally let us consider the effect of particle inertia on the
collision rate that is derived from the relationship:

b ¼ 8pSp llðdÞ
� �1=2

d2CðdÞ: ð17Þ

Fig. 5 represents the collision kernel normalized with the
Saffman–Turner one for fine zero-inertia particles and
compares predictions with the DNS data of Wang et al.
(2000). As is seen, the model being developed properly cap-
tures the crucial trends of the DNS results, although the
predicted maxima of b, much like C in Fig. 4, are slightly
shifted towards particles with larger inertia. The collision
kernels, predicted when using a = 1 in boundary conditions
(14), are slightly greater in values and better correspond to
the DNS than those obtained for zero-size particles. It is
also important to emphasise that the neglect of the accu-
mulation effect leads to considerably less values of the col-
lision rates of low-inertia particles than those given by
DNS.
4. Particle agglomeration due to coalescence

One of the major motivations for developing the colli-
sion model described in the preceding sections is the simu-
lation of the particle size evolution due to coalescence in
aerosol reactors. Therefore, as an example of engineering
application, we employ the collision model to evaluate
the coalescing droplet size in a turbulent channel flow.
We restrict the consideration to the channel core where
the nearly homogeneous and isotropic flow conditions
allow the application of the collision model developed.
The particles are regarded as a mono-size suspension,
and, consequently, the droplet size growth is treated as a
sequence of the formation of doublets due to the loss of
singlets (e.g., see Brunk et al., 1998). This simple coales-
cence model gives a rather crude approximation to the real
agglomeration process and it may be solely used for esti-
mating the droplet mean size. In such an interpretation
of the agglomeration process, the depletion of the number
particle concentration (number of particles per unit vol-
ume) along the channel axis is governed by the equation:

U
dN
dx
¼ � kN 2

2
: ð18Þ

The coalescence kernel incorporates both the kinematic
collision rate caused by fluid turbulence and the effect of
interparticle interactions (e.g., van der Waals attraction
and hydrodynamics) which are responsible for the collision
efficiency. In what follows, the collision efficiency is
assumed as unity, and hence the coalescence kernel, k, is
inferred to be equal to the collision one, b. Moreover,
because coalescence does not result in a change of the vol-
ume fraction, the following equation relating the number
droplet concentration to the particle diameter takes place:

Nd3 ¼ N 0d3
0; ð19Þ

where the subscript 0 denotes the inlet values.
Let us consider the agglomeration process of droplets in

the flow conditions, which correspond to DNS performed



3, cm /sβ

/pρ ρ10
1

10
2

10
310-6

10-5

10-4 1

2

Fig. 6. Effect of the droplet-to-fluid density ratio on the collision kernel
(d = 9.96 lm): (1) – model prediction, (2) – DNS by Chen et al. (1998).
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Fig. 8. Variation in the droplet size along the channel centerline: (1) –
present collision model, (2) – Saffman–Turner theory, (3) – Abrahamson
theory.
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by Chen et al. (1998). In these simulations, the Reynolds
number, Rek, at the channel centreline based on the Taylor
length microscale and the turbulence intensity, averaged
over the three coordinate directions, was 29.7. Figs. 6
and 7 show the performance of Eq. (17) for the prediction
of the collision rate at the channel core. As is seen, both the
droplet-to-fluid density ratio and the droplet diameter sig-
nificantly influence the collision kernel. They affect the col-
lision kernel because qp/q and d affect the droplet inertia
increasing the particle response time, sp. When the density
ratio decreases, the particle response time decreases as well
and, according to Saffman and Turner (1956), b becomes
independent of qp/q. For comparison, the results calculated
from the Saffman–Turner and Abrahamson theories are
also plotted in Fig. 7. It is clear that the Saffman–Turner
collision rates, which do not take into account the droplet
inertia, underestimate the DNS results and approach those
only for the smallest droplets. Conversely, the Abrahamson
theory, which does not take into consideration the velocity
correlation between two colliding droplets, overestimates
the DNS date. The collision rates based on the present
model are in good agreement with the direct simulations.
Thus, we can draw the conclusion that the model advanced
for interparticle collisions in homogeneous isotropic turbu-
lence may be successfully applied to predict particle coales-
cence in turbulent channel flow.

Fig. 8 displays variations in the droplet mean size along
the channel core, which are obtained from Eq. (18) along
with (19) for d0 = 1 lm. Three different curves denote
results based on the collision rates given by Eq. (17), Saff-
man and Turner (1956) and Abrahamson (1975), respec-
tively. As one might expect, the Saffman–Turner and
Abrahamson collision theories predict reasonable sizes of
coalescing particles only in the limiting cases of small and
large particles.
5. Summary

A statistical model for predicting the collision rate of
inertial particles in homogeneous isotropic turbulence
was developed. This model is based on a kinetic equation
for the two-point PDF of the particle-pair relative velocity
distribution. It accounts for two mechanisms influencing
the collision rate: (i) the particle relative motion induced
by turbulence and (ii) the preferential concentration that
leads to an additional enhancement to the collision kernel.
The model presented is valid over the entire range of Stokes
numbers (from the zero-inertia to the high-inertia limit).

The effect of particle size on the relative fluctuating
velocity, the radial distribution function, and the collision
rate is investigated. A comparison between predictions
obtained for zero-volume (ghost) and finite-volume parti-
cles is performed.

On the basis of comparisons with DNS results, it is con-
cluded that the model presented is able to capture the main
features of the collision rate of inertial particles in homoge-
neous isotropic and near-axis channel turbulent flows. This
collision model appears to be applicable to the evaluation
of the turbulence-induced agglomeration process in aerosol
reactors.
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